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On Jump Measures of Optional Processes with 
Regulated Trajectories 


Frank Oertel 


Abstract Starting from an iterative and hence numerically easily implementable 
representation of the thin set of jumps of a cMlag adapted stochastic process X 
(including a few applications to the integration with respect to the jump measure 
of X), we develop similar representation techniques to describe the set of jumps 
of optional processes with regulated trajectories and introduce their induced jump 
measures with a view towards the framework of enlarged filtration in financial math¬ 
ematics. 


1 Preliminaries and Notation 

In this section, we introduce the basic notation and terminology which we will use 
throughout in this paper. Most of our notation and definitions including those ones 
originating from the general theory of stochastic processes and stochastic analysis 
are standard. We refer the reader to the monographs 0, cni, ca and m. 

Since at most countable unions of pairwise disjoint sets play an important role 
in this paper, we use a well-known symbolic abbreviation. For example, if A := 
|J“=iA„, where (A„)„gr^ is a sequence of sets such that A, nAy = 0 for all i ^ j, we 
write shortly A := Un=i^n- 

Throughout this paper, denotes a fixed probability space, together 

with a fixed filtration F. Even if it is not explicitly emphasized, the filtration 
F = {■^t)t>o always is supposed to satisfy the usual condition^ A real-valued 
(stochastic) process X : Q x IR+ —> R (which may be identified with the family of 
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random variables {Xt)t>o, where X,(a)) :=X{co, t)E is called adapted (with respect 
to F) if Xt is -measurable for all t € X is called right-continuous (respec¬ 
tively left-continuous) if for all o G the trajectory X,(a)) : R+ —> R,f i—>■ Xt{co) 
is a right-continuous (respectively left-continuous) real-valued function. If all tra¬ 
jectories of X do have left-hand limits (respectively right-hand limits) everywhere 
on R+, X^ = (X,_);>o (respectively = (X,+ )f>o) denotes the left-hand (respec¬ 
tively right-hand) limit process, where Xq- := Xo+ by convention. If all trajectories 
of X do have left-hand limits and right-hand limits everywhere on R+, the jump 
process AX = {AXt)t>o is well-defined on x R+. It is given by AX := X^ —X^. 

A right-continuous process whose trajectories do have left limits everywhere on 
R+, is known as a cddldg process. If X is ^ (8).^(R+)-measurable, X is said to be 
measurable. X is said to be progressively measurable (or simply progressive) if for 
each f > 0, its restriction ^|i 2 x[o,r] is 0 .^^([0,f])-measurable. Obviously, every 
progressive process is measurable and (thanks to Fubini) adapted. 

A random variable T : Q — > [0,°°] is said to be a stopping time or optional time 
(with respect to F) if for each t >0, {T < t} G Let Jf' denote the set of all 
stopping times, and let S,T G ^ such that S <T. Then [[5',7’[[:= G Q x R+ : 

S{co) <t< T{(o)} is an example for a stochastic interval. Similarly, one defines 
the stochastic intervals JS',T]], and [[S',?’]]. Note again that [[T]] := [[?’,?’]] = 

Gr(7’)|^ xR+ is simply the graph of the stopping time T : Q. —> [0,°°] restricted 
to X M+. & = c7{[[7’,oo[[ : T G 3'^ denotes the optional a-field which is gener¬ 
ated by all cadlag adapted processes. The predictable a-field 3^ is generated by all 
left-continuous adapted processes. An G- (respectively 3^-) measurable process is 
called optional or well-measurable (respectively predictable). All optional or pre¬ 
dictable processes are adapted. 

For the convenience of the reader, we recall and summarise the precise relation 
between those different types of processes in the following 

Theorem 1. Let {Q,3^,¥,V) be a filtered probability space such that F satisfies the 
usual conditions. Let X be a (real-valued) stochastic process on £2 x R+. Consider 
the following statements: 

(i) X is predictable; 

(ii) X is optional; 

(Hi) X is progressive; 

(iv) X is adapted. 

Then the following implications hold: 

(i) => (ii) => (Hi) (iv). 

IfX is right-continuous, then the following implications hold: 

(i) (ii) (Hi) (iv). 

IfX is left-continuous, then all statements are equivalent. 


2*+ — [0,<x>). 
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Proof. The general chain of implications (/) {ii) =l> iiii) => (tV) is well-known 
(for a detailed discussion cf. e. g. fh] Chapter 3]). If X is left-continuous and adapted, 
then X is predictable. Hence, in this case, all four statements are equivalent. If X is 
right-continuous and adapted, then X is optional (cf. e. g. ifTOl Theorem 4.32]). In 
particular, X is progressive. □ 

Recall that a function / : K+ —> K is said to be regulated on R+ if / has right- and 
left-limits everywhere on (0,°°) and /(0-f) exists (cf. e. g. ||9] Ch. 7.6]). 

Let us also commemorate the following 

Lemma 1. Let X \ Q. y. R+ —y K. he a stochastic process such that its trajecto¬ 
ries are regulated. Then all trajectories of the left limit process X^ {respectively of 
the right limit process X^) are left-continuous {respectively right-continuous). If in 
addition X is optional, then X^ is predictable andX^ is adapted. 

Given an optional process X with regulated trajectories, we put 

{AX f 0} := {{cof) G X R+ ; AX,{o)) f 0}. 

Recall the important fact that for any e > 0 and any regulated function / : R+ —> R. 
the set 7/(e) := {f > 0 ; \Af{t)\ > e} is at most countable, implying that 

7^ := {f > 0 : Af{t) ^ 0} = {f > 0 : \Af{t)\ > 0} = U -//(-) 

neN ” 

is at most countable as well (cf. IfTTl p. 286-288] and lfT3] Theorem 1.3]). 


2 Construction of Thin Sets of Jumps of Cadlag Adapted 
Processes 

In the general framework of semimartingales with jumps (such as e. g. Levy pro¬ 
cesses) there are several ways to describe a stochastic integral with respect to a 
(random) jump measure jx of a cadlag adapted stochastic process X = {X,),>q. One 
approach is to implement the important subclass of “thin” subsets of x R+ (cf. 
IfT^ Def. 1.30]) in order to analyse the set [AX f 0}: 

Theorem 2 (Dellacherie, 1972). LetX = {Xt)t>o be an arbitrary ¥-adaptedcadlag 
stochastic process on Then there exist a sequence {Tn)neH o/F- 

stopping times such that [[7],]] n [[Tj.]] = 0/or all n f k and 

{AX / 0} = Q [[?;]]. 

H=1 

In particular, (o)) 7 ^ Qfor all (O € Q and n gN. 
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A naturally appearing, iterative and hence implementable exhausting representation 
is given in the following important special case (cf. e. g. lfT4l p. 25] or the proof of 
El Lemma 2.3.4.]): 

Proposition 1 LetX = (Xt)t>o be an arbitrary ¥-adapted cadlag stochastic process 
on and A € such that 0 ^ A. Put 

T^{(o) := inf{f > 0 : AXt{(o) e A} 


and 

T^{C0) := inf{f > PtA^) : AX,{co) e A} (n > 2). 

Up to an evanescent set {T^)nGN defines a sequence of strictly increasing^-stopping 
times, satisfying 

{AXgA}= Q[[5]^]], 

n=l 

where 

:= T,flA{AX^A) + (+-)1a^(AXj-.) . 

Proof In virtue of lfT4l Chapter 4, p. 25ff] each is a F-stopping time and f2o x R+ 
is an evanescent set, where f2o := {w G Q. : lim ff{co) < 0 °}. Fix {(Of) ^ Qq x 

n^oo 

IR+. Assume by contradiction that T^g{(o) = 7’mo+i(®) =■ some mo G N. By 
definition of t* = 7’mo+i(®)’ there exists a sequence {tn)„en such that for all « G N 
lim f„ = f*, AXt„{(o) G A, and t* = T^A(o) < L+i < hi- Consequently, since X has 

n—>-oo ^ 

right-continuous paths, it follows that AXt*{(o) = lim AXi„{co) G A, implying that 

n—>00 

AXi* (or) 7 ^ 0 (since 0 ^ A). Thus lim f„ = t* is an accumulation point of the at most 

countable set {f > 0 : AXt{co) 7 ^ 0} - a contradiction. 

To prove the set equality let firstly AXt{co) G A. Assume by contradiction that 
for all m G N T^{(o) 7 ^ t. Since (O ^ f2o, there is some mo G N fl [ 2 , 0 °) such that 
^mo(®) > f- Choose mo small enough, so that ^ Conse¬ 
quently, since AXt{co) G A, we must have t < hence T^^_i{(o) = t. 

However, the latter contradicts our assumption. Thus, {AX G A} C ur=ii7;i- The 
claim now follows from ifTOl Theorem 3.191. □ 

Remark 1 Note that {S^ < +°°} C [AX-j-a G A} C = T/}. Hence, 

lA{AXjA)lfjA^t] =l{s^<r} 

for all « G N. 

Next, we recall and rewrite equivalently the construction of a random measure 
on J^(R+ X R) (cf. e. g. ^ Def. 1.3]): 

Definition 1. A random measure on R+ x M is a family p = {p{cO',d{s,x)) : CO gQ) 
of non-negative measures on (R+ x ]R,.^(R+ x R)), satisfying p{co; {0} x R) = 0 
for all 0) G . 
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Given an adapted R-valued cadlag process X, a particular (integer-valued) random 
measure (cf. e. g. IfT^ Prop. 1.16]) is given by the jump measure ofX, defined as 

= '£lB{s,AX,ico))ls,*{AX,ico)) 

s>0 

= #{s>0 ;4X,(cu)7^0and {s,AX,{(o)) GB}, 

where Cq denotes the Dirac measure at point a and B G X R). 

Keeping the above representation of the jump measure jx in mind, we now are 
going to consider an important special case of a Borel set B on R+ x R, leading 
to the construction of “stochastic” integrals with respect to the jump measure jx 
including the construction of stochastic jump processes which play a fundamental 
role in the theory and application of Levy processes. To this end, let us consider all 
Borel sets B on R+ x R of type B = [0, f ] x A, where f > 0 and 

A£^* ■={A:A€ .^(R),0 ^ A}. 

Obviously, A C R \ (—£,£) for all e > 0, implying in particular that A G is 
bounded from below. Let us recall the following 

Lemma 2. Let X = {Xt)t>o be a cadlag process. Let A G 3S* and t > 0. Then 
Nx{t) := 7 x(-,[ 0 ,f] xA)<ooa.s. 

Proof. This is ||4] Lemma 2.3.4.]. □ 

Proposition 2 Let X = (26),>o be a cadlag process and f : R+ x R —R mea¬ 
surable. Let A G and t > 0. Then for all CO € Q the function l[o,r]xA/ ti. s. 
integrable with respect to the jump measure jx{co,d{s,x)), and 

j f{s,x)jx{co,dis,x)) 
pfxA 

= ^ /(5,AX,((u))lA(AX,(a))) 

0<s<r 

oo 

n=l 

Moreover, given 0) G there exists cf{(o) G R^ such that 

j \f{s,x)\jx{(0,d{s,x)) <cf{(o)jx{(O,[0f] xA). 

[0,r] xA 

Proof. Fix 0 ) G and consider the measurable function g^ := xA /■ Then R+ x 
R = B\{co)yOB 2 {(o), where Bi(w) := {(i,AXs(®): i > 0} and B 2 {co) := R+ x R\ 
Bi{co). Obviously, we have 
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jx{( 0 ,B 2 i( 0 )) = =0, 

5>0 


implying that/ 2 := / (s,;c)|;;f(a),ii(s,x)) =0. Put/i := / \gf{s,x)\jx{(0,d{s,x)). 

82(01) Bi{m) 

Since on [0,f] the cMlag path s 1 —has only finitely many jumps in A G 
there exist finitely many elements (ii, AXjj (w)),..., (i^v, AXi^(a))) which all are 
elements of ([0,f] x A) flBi (o) (for some N = N{co,t,A) G N). Put 

0<cf(®):= max |/(i,t,AX,.j,(a)))| < 00 . 


Then 

l^f I =l[0r]xA I/I < cf (®) V]xA on^l . 

and it follows that l 2 <cf{(o) jx {(0, [0, t] x A). A standard monotone class argument 
finishes the proof. □ 

Remark 2 Note that in terms of the previously discussed stopping times we may 
write 


f{s,x)jx{co,d{s,x)) = ^/(5;J(cu),AX5A(<j,)(®))l|5A<,}(a)). 

/f=l 

In the case of a Levy process X the following important special cases f{s,x) := 1 
and f{s,x) := x are embedded in the following crucial result (cf. e. g. 141): 

Theorem 1 Let X = (Xt)t>o be a (cddlag) Levy process and A G 

(i) Givent>Q 

N^{t) = jNi’‘it):=jxi;[0,t]xA)= j jx{;d{s,x)) 

A [0,(]xA 

= ^ 1a(AX.) = f l4AXr„)l{r„<,} = I:1{5 a<.} 

0<s<t n=l n=l 

induces a Poisson process = (^x(0);>o ^dh intensity measure Vx{A) := 

lE[A^x(l)] <°°- 

( ii) Given t > 0 and a Borel measurable function g : M —> ffi. 

Zxit) ■= J 8{x)Nx{t) = j g{x)jx{-,d{s,x)) 

A [0,f] xA 

00 

= ^ g{AX,)lA{AX,)=Y,g{AXT„)lA{AXT,.)l{T„<t} 

0<s<t n=\ 

Kd) 

n=\ n=l 


/ 

[0,r] xA 
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induces a compound Poisson process Moreover, if g € 

then E[Z^(f)] = fVx(A)E[^(4XjA)]. 


3 Jump Measures of Optional Processes with Regulated 
Trajectories 

One of the aims of our paper is to transfer particularly Theorem |2] to the class of 
optional processes with regulated trajectories in order to construct a well-defined 
jump measure of such optional processes. 

As we have seen the right-continuity of the paths of X plays a significant role 
in the proof of Proposition [T] We will see that a similar result holds for optional 
processes with regulated trajectories. However, it seems that we cannot simply im¬ 
plement the above sequence {S^)neN if the paths of X are not right-continuous. 

Our next contribution shows that we are not working with “abstract nonsense” 
only: 

Example 1 Optional processes which do not necessarily have right-continuous 
paths have emerged as naturally appearing candidates in the framework of enlarged 
filtration in financial mathematics (formally either describing “insider trading in¬ 
formation” or “extended information by inclusion of the default time of a counter¬ 
party”) including the investigation of the problem whether the no-arbitrage condi¬ 
tions are stable with respect to a progressive enlargement of filtration and how an 
arbitrage-free semimartingale model is affected when stopped at a random horizon 

(cf nil, ssi and s:^). 

Given a random time T, one can construct the smallest right-continuous filtration 
G which contains the given filtration F and makes T a G-stopping time (known 
as progressive enlargement o/F with t). Then one can associate to X the two F- 
supermartingales Z and Z, defined through 

Z, ■=¥{x>t\.^,) andZ, ■=¥{x >t\.^,). 

Z is cadlag, while Z is an optional process with regulated trajectories only. 

A first step towards the construction of a similar iterative and implementable ex¬ 
hausting representation of the set {AX f 0} for optional processes is encoded in the 
following 

Proposition 3 Let f : —> K. be an arbitrary regulated function. Then 

Jf= Ua,, 

n=\ 


where each Dn is a finite set. 

Proof Since (0,°°) = ljr=i (” “ fi”] h follows that Jj = where f„ := 

/I(„_! „] denotes the restriction of / to the interval (« — !,«]. Fix n G N. Since every 
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bounded infinite set of real numbers has a limit point (by Bolzano-Weierstrass) the 
at most countable set 

Jfni-) = {f- 1 <f <« and \Af{t)\ > - } 
m m 

must be already finite for each m G N (cf. (Si Theorem 2.6] and IfTTl p. 286-288]). 
Moreover, //„ (^) C for all m G N. Consequently, we have 

m=l m=\ 

where Al„ :=//„(!) = {\Af„ \ > 1} andA,„+i,„ := {Af„ G } for all m G N, 

and hence 

oo oo 

-// = U ■ 

n=\m=\ 

Since A,„ for all m G N, each set A„, „ consists of finitely many elements 

only. □ 

Lemma 3. Let Q) ^ D be a finite subset o/K., consisting of Ko elements. Consider 

if := min(D) 


and, if Kd > 2, 


if := min(Dn (if_i,°o)) = min{f > if_i : t G D}, 

where n G {2,3,... ,Kj)}. Then Dr\{s^_i,°°) 0 and if_j < if for all n G {2,3,..., K^}. 

Moreover, we have 

D = {if,if,...,ifJ. 

Proof. Let Ko > 2. Obviously, it follows that DPI (if,°°) 7 ^ 0. Now assume by 
contradiction that there exists n G {2,... ,Ko — 1} such that D n (if,°°) = 0. Let 
m* be the smallest m G (2, ...,Ko — 1} such that D n (if,°°) = 0. Then if := 
min(D n (■sf_i,°°)) G Z) is well-defined for all k G {2,... ,m*}, and we obviously 
have if <if <...<if*. Moreover, by construction of m*, it follows that 

■s < ■sf* for all s G D. (1) 

Assume now that there exists 7g D such that S' ^ {if, if,..., if *}. Then, by ([T]), 
there must exist / G {1,2,..., m* — 1} such that sf <7 < if^j, which is a contradic¬ 
tion, due to the definition of if^j. Hence, S^cannot exist, and it consequently follows 
that D = {if ,if,... ,if*}. But then m* = #{D) <Kd—1< Kq, which is a contra¬ 
diction. Hence, D n (if,°°) 7 Z 0 for any n G {2,..., fQj — 1}, implying that if G L> 
is well-defined and if < if^j for all n G {1,2,..., Kd — 1}. Clearly, we must have 
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Let A C X R+ and O) S . Consider 

DAico) :=mf{t e M+ : {co,t) e A} e [0,oo] 

Da is said to be the debut of A. Recall that inf(0) = +oo by convention. A is called a 
progressive set if 1^4 is a progressively measurable process. For a better understand¬ 
ing of the main ideas in the proof of Theorem|4] we need the following non-trivial 
result (a detailed proof of this statement can be found in e. g. Uni): 

Theorem 3. Let A C x K.^. If A is a progressive set, then Da is a stopping time. 

Next, we reveal how these results enable a transfer of the jump measure for cadlag 
and adapted processes to optional processes with infinitely many jumps and regu¬ 
lated trajectories which need not necessarily be right-continuous. To this end, we 
firstly generalise Theorem|2]in the following sense; 

Theorem 4. LetX : Q x — > R be an optional process such that all trajectories 
ofX are regulated and AXq = 0. Then AX is also optional. If for each trajectory of 
X its set of jumps is not finite, then there exists a sequence of stopping times 
such that {T„{co))„,^jq is a strictly increasing sequence in for all CO G Q and 

Jx.{a>) = U all ® e 

n=\ 


or equivalently, 

{Ax^o}= Q [[?;]]. 

n=\ 

In particular {AX f 0} is a thin set. 

Proof. Due to the assumption on X and Lemma[T] is predictable, X^ is adapted 
and all trajectories of X^ are right-continuous on R+. Hence, by Theorem [T] both, 
X^ and are optional processes, implying that the jump process AX = —X^ 

is optional as well. 

Fix CO G D. Consider the trajectory / := X,{co). Due to Proposition [3] we may 
represent Jf as 

Jf= 

m=\ 

where K,n{co) : = #(D„,(a))) < -foo for all m G N. LetM(a)) := {m G N : Dm{co) ^0}. 
Fix an arbitrary m G M(a)). Consider 

0 < S^^\co) := min(Dm(cu)) 


and, if K'm(fi)) > 2, 


0 < := min (A„(®) n (to)-)), 
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where « € {1,2,, K,„{co) — 1}. Since AX is optional, it follows that {AX G B} is 
optional for all Borel sets B € ^(R). Moreover, since Af(0) = AXo(a)) := 0 (by 
assumption), it actually follows that {i G R+ ; ((U,i) G {AX G C}} = {i G (0,°°) : 
(a),s) G {AX G C}} for all Borel sets C G ^(R) which do not contain 0. Hence, 
as the construction of the sets D„,{co) in the proof of Proposition [3 clearly shows, 
is the debut of an optional set. Consequently, due to Theorem[3l it follows that 
is a stopping time. If is a stopping time, the stochastic interval is 

optional too (cf. ifTOl . Theorem 3.16). Thus, by construction, sl'”\ is the debut of an 
optional set and hence a stopping time. Due to Lemma|3 we have 

jf= ud„,(®)= U U 

meM{(0) meM((B) n=l 

Hence, since for each trajectory of X its set of jumps is not finite, the at most count¬ 
able set M(a)) is not finite, hence countable, and a simple relabeling of the stopping 
times finishes the proof. □ 

Theorem 5. LetX : Q, x — > R be an optional process such that all trajectories 
ofX are regulated, AXq = 0 and the set of jumps of each trajectory ofX is not finite. 
Then the function 


jx : £2 x^{R+)^3§{R) —)• Z+U{-foo} 

(®,G) 

i>0 

is an integer-valued random measure. 

Proof. We only have to combine Theoreml4land ifTOll . Theorem 11.13. □ 

Implementing the exhausting series of stopping times {T„)nen of the thin set {AX ^ 
0} from TheoremlH we immediately obtain 

Corollary 1. Let B G x R) and 0) € Q. Then 

jx{(a,B) = / lB{s,x)jx{(0,d{s,x)) 

./R+xK 

«=1 

= #{«gN: (7;(cu),4Xr„(«)(®)) GB}. 

Proof Since l{4x/o}(®:^) = 1^=1 = I“=i l{r„(ffl)}(^)> we just have to 

permute the two sums. □ 

We finish our paper with the following two natural questions; 

Problem 1 Let X : Q. x R+ —> M be an optional process such that all trajectories 
ofX are regulated and AXq = 0. Does Lemma^hold for X ? 
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Problem 2 Let X . Q. y, R+ —y K be an optional process such that all trajectories 
ofX are regulated and AXq = 0. Does Proposition\2\hold for X ? 
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